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ELLIPTIC CURVES WITH MAXIMALLY DISJOINT DIVISION FIELDS 


HARRIS B. DANIELS, JEFFREY HATLEY, AND JAMES RICCI 


Abstract. One of the many interesting algebraic objects associated to a given rational 
elliptic curve, is its full-torsion representation pE ■ Gal(Q/Q) —>• GL 2 {Z). Gener¬ 
alizing this idea, one can create another full-torsion Galois representation, P(Ei,E 2 ) • 

Gal(Q/Q) —)■ ^GL 2 (Z)j associated to a pair {Ei,E 2 ) of rational elliptic curves. The 
goal of this paper is to provide an infinite number of concrete examples of pairs of elliptic 
curves whose associated full-torsion Galois representation P(^Ei,E 2 ) maximal image. 
The size of the image is inversely related to the size of the intersection of various division 
fields defined by Ei and £’ 2 . The representation P(Ei,E 2 ) maximal image when these 
division fields are maximally disjoint, and most of the paper is devoted to studying these 
intersections. 


1 . Introduction 

Let E be an elliptic curve defined over Q, let Q be a fixed algebraic closure of Q, and 
for each positive integer n let 

E[n] = {P€ E(Q) : [n]P = O} 

denote the n-torsion of E. It is a classical result that E[n] is non-canonically isomorphic to 
Z/nZ X Z/nZ and the group Gq = Gal(Q/Q) acts on E[n] component-wise. Therefore, we 
can construct a Galois representation associated to the n-torsion of E, 

PE,n ■ Gq — >■ Aut(£/[n]) ~ GL 2 (Z/nZ). 

By choosing compatible bases and taking an inverse limit ordered by divisibility, we can 
construct the full-torsion representation associated to E, 

PE-Gq^ GU{% ^ n GL2(Zp), 

p 

where the product is taken over all prime numbers. 

A natural question is, how large can the image of pE be inside of GL 2 (Z)? More specifi¬ 
cally, can pe be surjective? With these questions in mind, we give the following definition: 

Definition 1.1. An integer n > 2 is said to be exceptional for E if pE,n is not surjective. 

We can translate questions about the size of Im pE into a question about which numbers 
are exceptional for E and, for an exceptional n, how drastically pE,n fails to be surjective. 
It is a standard result that when E is an elliptic curve with complex multiplication (CM), 
every integer except for possibly 2 is exceptional for E. See uni Theorem 2.3] for more 
detail. On the other hand, if E is a rational elliptic curve that does not have CM, Serre 
showed in [S] that the index [GL 2 (Z) : Itope] is finite. One implication of this is that 
for each elliptic curve there are only finitely many exceptional primes. Additionally, Serre 
proved the following theorem. 
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Proposition 1.2. Proposition 22] For any elliptic curve E defined over Q, the image 
of pe '■ Gq —?■ GL2(Z) is contained in a group of index 2 inside GL2(Z). 

This theorem implies that pE can never be surjective, and thus there exists at least one 
exceptional number n (not necessarily prime). In the same paper, Serre gave two examples 
of elliptic curves whose image has index exactly 2 inside GL 2 (Z), showing that this lower 
bound on the index of Im pE is sharp. 

Following Lang and Trotter we give the following definition: 

Definition 1.3. An elliptic curve A/Q is called a Serre curve if [GL 2 (Z) : Imp^;] = 2. 

Furthermore, there is no reason to restrict our attention to Galois representations as¬ 
sociated to only one elliptic curve. Given a pair of rational elliptic curves {Ei,E2) and a 
positive integer n, we can consider the action of Gq on Ei[n] x E2[n] to get a new Galois 
representation 

P{Ei,E2),n ■ Gq —>■ (GL 2 (Z/nZ))^ , 

given by P(E-i,E 2 ),nW) = {pEi,n{o'), PE 2 ,n[cf)). Just as before we can construct the full-torsion 
representation associated to the pair {Ei^E2) 

P{Ei,E2) ■ Gq |^GL2(Z)^ , 

and it is again natural to ask, how big can the image of P(Ei,E 2 ) be? 

There is a natural limitation on the size of the image of P[Ei,E 2 ) GL 2 (Z) coming from 
the Weil pairing. Given an elliptic curve E/Q, let Q(if [n]) be the field of definition of the n- 
torsion points of E. One consequence of the Weil pairing is that if is a primitive n-th root 
of unity, then Q(Cn) C Q{E[n]). Therefore, it must be that Q(Cn) C Q(ifi[n]) 0 Q(if 2 [n]). 

The action of an element in the Galois group on an n-th root of unity can be related to its 
image under pE,n through the determinant. That is, given an elliptic curve E/Q, a € Gq, 
and an n-th root of unity it must always be that 

( 1 . 1 ) 

Therefore, for each positive integer n, we define 

Dn := |(A,B) g (GL2(Z/nZ))^ ■.detA = detB 

and 

D := |(A,S) G (gL2(Z))^ : detA = detB 

With these definitions and the observations above we can see that for any pair of rational 
elliptic curves {Ei,E2) and positive integer n, the image of P(Ei,E2),n and P(Ei,E2) nrust be 
contained inside of and D respectively. Therefore, any result associated with the size of 
lijiP(^E i,E2) should be formulated in terms of [D : Im.P(^E i,E2)\- 
For any two elliptic curves Ei and E2 defined over Q, we have 

Iva pi^Ei,E2) C (ImpBj X ImpsJnD. 

Since the right-hand side has index at least 4 inside of D (by Proposition 1 1.2|1 . we give the 
following definition in the spirit of Definition 11.31 

Definition 1.4. A pair {Ei,E 2 ) is called a Serre pair if [D : IvaP(^E i,E 2 )\ = 4. 

In [3], Jones shows that, in some appropriate sense, almost all pairs of elliptic curves are 
Serre pairs. The proof uses a multi-dimensional large sieve but provides no concrete examples 
of Serre pairs. In fact, there are no examples of Serre pairs in the current literature. The 
main goal of this paper is to rectify this deficiency by providing infinitely many examples of 
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Serre pairs. The first step toward this goal is to find an infinite family of Serre curves since 
clearly any Serre pair must be a pair of Serre curves. 

Lemma 1.5. [S] Example 8.2] Let i be an odd prime with i ^ 7. Then the elliptic curve 

El : y'^ + xy = + £ 

is a Serre curve. 

Using this lemma we will be able to construct the first examples of Serre pairs coming 
from the main theorem of this paper: 

Theorem 1.6. Let ii and £2 be odd primes not equal to 7 such f/iat gcd(432£^ + 432£| + 

£ 2 ) = 1, and for i = 1,2 let 

El- :y'^ + xy = x^ + £i. 

Then the pair [Ei^, Ei .^) is a Serre pair. 

In fact, we obtain the following slightly stronger result. 

Corollary 1.7. Let £i be an odd prime different from 7. Then there exist infinitely many 
primes £2 such that the pair [Ei^, Ei .^) is a Serre pair. 

Proof: Let A = 4321'^ + £i and suppose it factors as A = • • -pfp. By Theorem 11.61 it 

suffices to show that there exist infinitely many primes £2 t ^ such that 

432^2 + 1^0 mod pi for every i = 1,... ,n. 

First notice that if £1 = 3, then by Dirichlet’s theorem on primes in arithmetic pro¬ 
gressions, there are infinitely many primes £2 different from 3 and 1297 such that £2 ^ 
3 mod 1297. 

Otherwise, if £1 3, then 432£i = —1 is a unit modulo A and since each pi \ A, we have 

432£2-|-1 = 0 mod Pi => £2 = £1 mod pi. 

Therefore, it suffices to show that there are infinitely many £2 such that £2 ^ £1 mod Pi 
for all 1 < i < n. By the Chinese remainder theorem, we can choose x such that 
X ^ 0,£i mod Pi for each i. An application of Dirichlet’s theorem on the sequence {x + 
(pi • ■ •Pn)fc}/ceN then guarantees the existence of infinitely many primes £2 with the desired 
property. 


Remark 1.8. The quantity 432£^ -|- £i is the discriminant of the elliptic curve Ei. As we 
discuss below in ProDOsition l2.2l and Lemma the hypothesis that gcd(432£^-|-£i, 432£2-f 
£ 2 ) = 1 imposes constraints on the ramification in the division fields associated to our elliptic 
curves. 

In order to prove this theorem we will need the following lemma: 

Lemma 1.9. Let (Ei,E 2 ) be a pair of rational elliptic curves. If 

(1) for each prime p > 5, lm.p(^Ei,E 2 ),p — Dp, and 

( 2 ) lrap(^Ei,E2),36 = Dse, 

then {Ei,E 2 ) is a Serre Pair. 

Proof: This follows immediately from [H Lemma 3.1]. ■ 

Lemma [m gives us two concrete conditions that we use to verify our pairs of elliptic 
curves are in fact Serre pairs. 
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1.1. Notation and Outline. Throughout the rest of this paper, fix two odd primes and 
£ 2 , both different from 7, such that gcd(432t^ +€i, 432t| +£ 2 ) = 1- For i = 1, 2 we will write 

: y'^ + xy = + £i. 

Then by Lemma ll.51 Ei and E 2 are both Serre curves. In particular, as explained in [5], we 
have that 

PE.,p" :Gq^GL2(Z/p"Z) 
is surjective for every prime p and every integer n > 1. 

Our strategy is to use Lemma [TT 51 to prove that {Ei, E 2 ) is a Serre pair. Thus, our paper 
divides naturally into two main sections: a study of P(Ei,E 2 ),p primes p > 5, and 

a separate study of P{Ei,E 2 ), 3 e- In both cases, we interpret the conditions of Lemma [1.91 
in terms of the Galois theory of the division fields associated to the Serre curves Ei. Let 
Ki = Q(i5i[p"']) denote the Galois number field obtained by adjoining to Q the coordinates 
of the p”-torsion points of Ei. The Weil pairing forces the intersection Ki fl K 2 to be a 
non-trivial extension of Q; in particular, the intersection contains the p”-cyclotomic field 
Q(Cp"). The main results of this paper state that, apart from the cyclotomic subextension, 
the division fields Ki and K 2 are maximally disjoint for all primes p and all integers n > 1. 
Theorem 11.61 then follows directly from the conditions found in Lemma [T!in 

2. p-DiVISION FIELDS FOR p > 5 

For the entirety of this section fix a prime p > 5 and, since £i ^ £2 ^ assume without loss 
of generality that p ^ £\. Let Ki = Q{Ei[p]) denote the number field obtained by adjoining 
to Q the X- and p-coordinates of the p-torsion points of Ei. Since Ei is a Serre curve, we 
have 

Gal(i^,/Q) ~ GL 2 (Z/pZ). 

As explained in the introduction, the Weil pairing forces the inclusion Q(Cp) C iFi, where 
Cp denotes a primitive p-th root of unity and Q(Cp) denotes the p-cyclotomic extension of 
Q. Let F = Ki n K 2 denote the intersection of the two division fields; then F D Q(Cp) is 
strictly larger than Q. 

Recall that condition (1) of Lemma 11.91 states the following: 

(2.1) lmp(Ei,E 2 ),p = 7?p,where Dp = |(A,i3) G ^GL 2 (Z/pZ)^ : det A = detR| 

This condition can be interpreted using the Galois theoretic properties of the Ki, as we now 
describe. 

First, recall that the determinant of pEi,p is the cyclotomic character Xpi which cuts out 
the cyclotomic extension Q(Cp)/Q via the canonical isomorphism Xp ■ Gal(Q(Cp)/Q) 
(Z/pZ)x. 

Now let L = K 1 K 2 denote the compositum of the division fields. Then Gal(L/Q) is 
a subgroup of the direct product GL 2 (Z/pZ) x GL 2 (Z/pZ). Since the intersection F" is a 
nontrivial extension of Q, Gal(L/Q) must be a proper subgroup. The following result is 
well-known. 

Lemma 2.1 (Goursat’s Lemma). Let Gi and G 2 be groups, and let H be a subgroup of the 
direct product Gi x G 2 such that the natural projections tti : iF —>■ Gi and 712 : iF —>■ G 2 are 
surjective. Let Ni denote the kernel of 712 and N 2 denote the kernel of tti . Then regarding 
Ni as a subgroup of Gi, the image of H in Gi/Ni x G 2 /N 2 is the graph of an isomorphism 
Gi/Ni ~ G 2 /N 2 . 

Proof: See [71 Lemma 5.2.1]. ■ 
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Figure 1. Division fields for p > 5 

Write Gi = Ga^it'i/Q), and for the moment let H = Gal(L/Q). Goursat’s lemma 
shows that H is a certain fibered product of Gi and G 2 . Furthermore, since we have 
Gi ~ G 2 — GL 2 (Z/pZ), H is determined by a unique normal subgroup N of GL 2 (Z/pZ). 
For example, if H were equal to the entire direct product GL 2 (Z/pZ) x GL 2 (Z/pZ), then 
we would have N = GL 2 (Z/pZ), and the common fixed field F = Ki r\ K 2 would be equal 
to Q. 

Goursat’s lemma thus gives the following Galois-theoretic interpretation of : since 
det PEi,p = Xp cuts out Q(Cp )7 we have 

= Dp F = Q(Cp). 

So (12.11) is equivalent to the statement that H is the fibered product of Gi and G 2 over 
Q(Cp)i which is equivalent to Ki and K 2 being maximally disjoint. Our goal is now to show 
that F = Q(Cp)- 

To that end, let us now set H := Gal(L/Q(Cp)). Figure [U illustrates the associated field 
diagram with edges labeled by Galois groups. 

H is a subgroup of the direct product SL 2 (Z/pZ) x SL 2 (Z/pZ), and we wish to show 
that FI ~ (SL 2 (Z/pZ))^. Since Ei and E 2 are Serre curves, the natural projections H —>• 
SL 2 (Z/pZ) are surjective, and Goursat’s lemma implies that H is determined by a normal 
subgroup N < SL 2 (Z/pZ). As in our previous discussion, we will have F = Q(Cp) precisely 
UN = SL2(Z/pZ). 

Before proving the main result of this section, we collect some lemmas on the ramification 
behavior of primes in the Ki. One computes that Ei^ : y'^ + xy = + £i has discriminant 

AiEe,) = -£,(432 + £,)- 

Recall that the only primes of bad reduction for Ei are those dividing A{Ei). The following 
result states that these are also the only primes other than p which may ramify in KijCl. 

Proposition 2.2 (Neron, Ogg, Shafarevich). Let E he an elliptic curve over Q, and let p 
be a rational prime. Then the following assertions are equivalent: 
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• E has good reduction modulo p. 

• p is unramified in Q(£'[n])/Q for all integers n>l with gcd{n,p) = 1. 

Proof: See 0 VII. Theorem 7.1] ■ 

By hypothesis we have gcd(A(i?i), A(i? 2 )) = 1, so £2 does not ramify in Ki. The next 
lemma gives a lower bound on the ramification of £i in Ki. 

Lemma 2.3. Let ei^ denote the ramification index of £i in Ki/C^. Then ei- >p. 

Proof: This is worked out in detail in [S] Section 3.2] using the theory of Tate curves. For 
the proof, we drop the i subscripts and write simply E = Ei and £ = £i. First, note that 
the discriminant of E is 

A(F;) = -£{A52 + £). 

In particular, the £-adic valuation of A(if) is 

fl if£^3 

vi(A(E)) = < 

^ ^ [2 if£ = 3 

and E has bad (split multiplicative) reduction at £. Our elliptic curve has j-invariant 
Je = ^^E) ’ ™ notation of [S] we have = Vp{—Vi{jE)) = 0. By displayed equations 

(3.4)-(3.7) of [3 Section 3.2], we have 


ei 


{p - l)p \ip = £, 
p ii p ^ £ 


Thus, in either case we have > p. 


We are now prepared to prove the following. 

Proposition 2 . 4 . Let N denote the kernel of (either) projection map H —>■ SL2(Z/pZ). 
Then N = SL2(Z/pZ), and consequently lTap(^Ei,E2),p = Dp. 

Proof: Recall that we have a decomposition 

SL 2 (Z/pZ) ~ (± 7 ) X PSL 2 (Z/pZ), 

where I denotes the identity matrix, and where the projective special linear group PSL 2 (Z/pZ) 
is a simple group since p > 5 [U Proposition 5.1.7]. Thus, H is determined by a normal 
subgroup N < SL 2 (Z/pZ), and the only possibilities are 

N e {{/},{±J},PSL 2 (Z/pZ),SL 2 (Z/pZ)}. 

Recall that F = Ki n K 2 and F D Q((p). By Goursat’s lemma and the Galois corre¬ 
spondence, we have that the index [SL 2 (Z/pZ) : N] is equal to the degree of the extension 
[F : Q(Cp)]. Thus we see that F is strictly larger than Q(Cp) if and only if N ^ SL 2 (Z/pZ). 

If N = {/}, then in fact F = K1K2] this is impossible, as £i ramifies in Ki but not in 
K 2 by Proposition 12.21 and the fact that £i \ A(F 2 ) = ^2(432 -|- £ 2 ). 

If N = (±7), then [Ki : F] = 2. But by Lemma [2.31 the ramification index of £i in 
77i/Q(Cp) is bigger than 2, and £i is unramified in K 2 (and hence in F), so this impossible. 

Finally, if N = PSL 2 (Z/pZ), then [F : Q(Cp)] = 2, hence F/Q is a degree 2(p— 1) Galois 
extension. However, no such Galois subextensions of Ki or K 2 exist; see the discussion and 
diagram following [TJ Remark 5.2.1]. 

Thus, the only possibility which our hypotheses allow is N = SL 2 (Z/pZ) as desired. 
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Figure 2. Decomposition of the 36-Division Fields for Ei 
3. p^-Division fields for p = 2,3 

In this section, we deal with Condition (2) of Lemma [1.91 so given a pair {Ei,E 2 ) as 
before, we now wish to show that 

(3-1) = -^>36. 

Similar to the setup in Section El for i = 1,2, let Ki^n = denote the n-Division 

field of Ei, which is the number field obtained by adjoining to Q the x- and y- coordinates 
of the n-torsion points of Ei. Since Ei is a Serre curve, we have 

Gal(if,,36/Q) - GL2(Z/36Z). 

Once again, the Weil pairing forces an inclusion Q(C 36 ) C Ki^^e, where ^35 is a primitive 
36-th root of unity. It follows that ifi ,36 O 1^2,36 O Q(C 36 ) is a nontrivial extension of Q. 
Just as in the p > 5 case, this implies that the Galois group Gal(L/Q) of the compositum 
L = 36 ^^ 2,36 is a proper subgroup of ( GL2(Z/36Z))^, determined (via Goursat’s lemma) 

by a normal subgroup of GL2(Z/36Z). Gondition (13.ip is equivalent to the statement that 
and Jt' 2,36 are maximally disjoint in the sense that 

IinP(£;i,E2),36 = ^36 n 1^2 = QiCse)- 

For z = 1,2 Figure El illustrates the decomposition of Ki^^^ in terms of smaller division 
fields. The edges are marked by Galois groups, which are determined by the fact that Ei is 
a Serre curve. 

Noting that GL2(Z/36Z) ~ GL2(Z/4Z) x GL2(Z/9Z), we see that Figure El and Gour¬ 
sat’s lemma imply that Ki ^4 n Ki^g = Q. Furthermore, since Gal(L/Q) is a subgroup of 
Gal(iiri_ 36 /Q) X Gal(iir2.36/Q), the same diagram shows that verifying (j3.ip is equivalent to 
verifying the following three assertions: 

• iLi ,4 n K2.4 = QCCj); 

• -fill ,9 n K2.g = Q(C9); 

• Ki ^4 n Kj^g = Q for z ^ j. 

We now handle each case in turn. For the rest of the section, let = —£i{A32£i + 1) 
denote the discriminant of Ei. Just as in Section El our arguments will depend crucially on 
our hypothesis that gcd(Ai, A 2 ) = 1. 

Lemma 3.1. For our pair (Ei^Eg), we have fl 1^2.4 = Q(C4)- 
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Q(C4) Q(v^) Q(yA7) 


Q 






Figure 3. A portion of the subfield diagram of Ki ^4 from [U Figure 5.7] 

Proof: The subfield structure of 4-division fields of elliptic curves is explained in detail in 
[U Chapter 5.5]. In particular, every subfield of Ki ^4 which properly contains Q(C 4 ) also 
contains Q(C 4 ,-\/Ai), as well as all subfields which are quadratic over Q . (See Figure [3]) 
Let F = Ki ^4 n 7 ^ 2 , 4 , so we have a containment Q(C 4 ) C F. By the subfield diagram, if 
[F : Q(C 4 )] > 1 then we must also have Q(C 4 , C F C K 2 , 4 - But then this implies that 
the quadratic field Q(-\/Ai) is also contained in F C 7 ^ 2 , 4 . However, the only quadratic 
subfields of 7 ^ 2,4 are 

Q(C 4 ), Q(y^), and Q(\/-A 2 ). 

Since £i is an odd prime and gcd(Ai, A 2 ) = 1, we cannot have equality between Q(v^Ai) 
and any of the aforementioned fields. So we must have ]F : Q(C 4 )] = 1 which proves the 
lemma. 


The argument for the case of 9-division fields is very similar to that of Lemma [3Tj First 
we recall a result about the structure of the 3-Division fields of elliptic curves. 

Lemma 3.2. Let M — Q(a:(Fi[3])) denote the number field obtained by adjoining to Q the 
x-coordinates of the 3-torsion points of Ei. Then Q(-v/Ai, ^ 3 ) is the unique subfield of M 
which has degree 6 over Q. The only other subfield of Ki 9 which has degree 6 over Q is 
Q(C9). 

Proof: The first statement is [H Proposition 5.4.3]. The second statement is visible in [TJ 
Figure 5.4]. ■ 

Lemma 3.3. For our pair (Fi,F 2 ), we have Fri ,9 H 7 ^ 2,9 = Q(C 9 )- 

Proof: The subfield structure of 9-Division fields of elliptic curves is also explained in detail 
in [TJ Chapter 5.2]. In particular, by [U Figure 5.4] every subfield of Ki^g which properly 
contains Q(C 9 ) also contains Q(C 3 ,a:(Fi[3])) 

Let F = Ki g n Kg^g, so we have a containment Q(C 9 ) C F. If ]F : Q(C 9 )] > 1 then we 
must also have Q(C 3 ,a:(Fi[3])) C F C Kg^g. But then Lemma 13^ implies that 

Q( \/^, Ca) = Q( Ca) 

which is impossible since gcd(Ai, A 2 ) = 1. Thus ]F : Q(C 9 )] = 1 which proves the lemma. 
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It remains to consider the possible entanglement between the 4- and 9-Division fields of 
our elliptic curves. By symmetry it suffices to show the following. 

Lemma 3.4. For our pair {Ei,E 2 ), we have K 2,9 = Q. 

Proof: By [H Figure 5.4], every subextension of 1 ^ 2,9 which is Galois over Q contains 
Q(C 3 ) as the unique subextension which is quadratic over Q. Therefore, if F = fl 1 ^ 2 ,g 
satisfies [F : Q] > 1, then Q(C 3 ) C F. But also F C Fi^ 4 , and as shown in Figure O the 
only quadratic subextensions of Fi _4 are 

Q(C 4 ),Q(\/-Ai),and Q(\/a7). 

One checks that if £1 = 3 then Ai = 3 • 1297; otherwise, £1 > 3 and u^j(Ai) = 1 , so in any 
case none of these extensions is equal to Q(C 3 )- It follows that [F : Q] = 1, proving the 
lemma. 


We summarize the results of this section. 

Proposition 3.5. For our chosen pair of elliptic curves (Fi,F 2 ), we have 

Iinp(_Bi,E2),36 = -D 36 

Proof: This follows immediately Lemma IXTl Lemma [3.31 and Lemma [3.41 ■ 

We can now prove the main result of this paper. 

Theorem 3.6. Let and £2 be odd primes not equal to 7 such that gcd(432£^ -|- £ 1 , 432t'| -|- 
£ 2 ) = 1 , and for i = 1,2 let 

Ef,. :y^ + xy = x^ + £i. 

Then the pair {Ef,^,E(,^) is a Serve pair. 

Proof: This follows immediately from Lemma [Oil ProDOsition r2.41 and ProDOsition l3.5l ■ 


4. Serre fc-TUPLES 


Given a fc-tuple of elliptic curves (Fi ,..., Ek), one can generalize the above construction 
in the obvious way to obtain a representation 

P(E,.....E.) :Gq^ (GL2(Z))^ 


whose image is contained in 

:= { (Ti , T 2 , ..., Afc) e ( GL 2 (Z)) : det = det 7 I 2 = • • • = det Afc} . 
Unsurprisingly, one has 




> 2 '". 


Definition 4.1. For any integer fc > 1, a fc-tuple (Fi ,... ,Ek) of elliptic curves is called a 
Serre k-tuple if : Ira pi^Ei,...,Ek)\ = 2^. 

In [31 Theorem 4.3], it is shown that almost all fc-tuples of elliptic curves are Serre k- 
tuples. Theorem 13.61 easily generalizes to the case k > 2. 


Theorem 4.2. Let £ 1 ,... ,£k be odd primes not equal to 7 such that gcd(432.^f + £i, 432£^ + 
£j) = 1 for each pair 1 < i < j < k. For each 1 < i < k let 

Eg. :y^ +xy = x^ +G- 

Then {E ^^^, • ■ ■, F^j,) is a Serre k-tuple. 
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Proof: Just as in the k = 2 case, showing that , ■ ■ ■, ) is a Serre fc-tuple is equivalent 

to showing that the Eg. have maximally disjoint division fields [31 Corollary 6.7], Since the 
discriminants of each elliptic curve in the fc-tuple are pairwise relatively prime, Theorem 
13.61 shows that the division fields for Eg.^,... ,Eg^ are pairwise maximally disjoint, and the 
result follows. ■ 

Remark 4.3. The argument in Corollary 1 1.71 applied inductively, shows that Theorem 14.21 
produces infinitely many examples of Serre fc-tuples. 

5. Final remarks 

Throughout this paper, we have relied on the elliptic curves 

Ei := +xy = x^ + ii 

to prove Theorem 13.61 However, a careful reading of our arguments reveals that only the 
following facts about the Ei were used: 

• Ei is a, Serre curve, and 

• Ai = e,{432e, +1) 

It is clearly necessary for the Ei to be Serre curves, while precise knowledge of the discrim¬ 
inant of Ei allowed us to compare the ramification of £i in various division fields. While 
Theorem 13.61 provides infinitely many explicit examples of Serre fc-tuples, the arguments in 
this paper actually prove the following more general statement. 

Theorem 5.1. Let Eg, ..., E^ be elliptic curves with discriminants Ai,..., A^, respectively. 
Suppose that each Ei is a Serre curve, and that for i = 1,... ,k there exist odd primes £i > 3 
such that 

• vg.(Ai) = 1 mod 2; 

• Ei has split multiplicative reduction at £i; and 

• = Q fori ^ j. 

Then (Eg, ..., Ek) is a Serre k-tuple. 
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